
Lecture 4: Field Quantization
Content: Canonical Quantization, Field Quantization,

Diagonalization, klein-Gordon Hamiltonian

Canonical Quantization: Effective Model
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Go back!

Quantization="Educated guess"
For now: quadratic A case "solved".

Recall: Standard quantization approach:

Suppose we have a degrees of freedom (classicall

↳ position'smomenture j, Pj (j:1, . .
.

, N)

where 27j, P,3=8jx . (4.1)



SymmetricNXN
Hamiltoniah:

↓

H =5+ m, 7j lbenen (4.2)
M

some "spring-like"potential:H.O.

Now, what isthe quantum II such that (4.2

is obtained viathe classical limit?

canonical Quantization:

(i) (7,pi) -[Ej, j)

(ii)
sn =27j, Pry-[Aj, Pin]:i Sjin

[iii]

H(7,P) -S I (I, p)

Worse example:11:Ip?Quantum Mechanically, IP is

notHermitian:It - [(EP+*E)?
-> EPE?

Solution:these Hamiltonians are notcommonly

encountered.



Harmonic Oscillator: (Symmetric)
-

it = 2+mE Es(in E (4.3)

WhereI dof N-S is in quantum systems.

Much experience shows this "works".

For fields:"Works" -expressed quantized (unitary)
representation ofPoincare

Group.

How to solve Hamiltonian (Q40) in eq. (4.3)?

Since (@]:.1 is symmetric,

⑦T = =J8 S.tT8:I

and 8T = 5

where I issome diagonal matrix.

Leti's=E, Jin En (4.4)

!=E l in Pi 14.51

where is, ispreserve the canonical

commutation relation.



Proof: We know (Ej,Px]= 28in.

Them:

2Ij, Pin=[, lbin En,E, (S,mBm]
-E) in En (bmPm

- Lim m 2)
in En)

-E (Jin (Jm (En, int

(since 8matrixentries, are justnumbers)

-E, ltin (bim Sum

=: 83in (Jni
n=1

(since 8 symmetric)

=iE(#nx) Sin
(since 8T =8T=I)

- ifjk

as required. T

substituting these new variables eq. (4.4), 14.5) into

I (4.3), we have that I

n

I =E,z +*E tabi( um
Im



-EB Ewe I' (4.6)

where the Weare the Eigenvalue of 5:

I = wiwi (4.7)I - I
=>Diagonalize via Ladder Operators:

is = (Imir Bel (4.5)

24:Wwe (4-wire il (4.9)

THEN i =E, we (8t+ (4.10)

Proof:First, note that

In:Emie (Er+de")
and

= I we (ae-). (Thisis easy
to show

The corresponding commutation relations are

given by



Re, mt=me (Iwee, Em-wire in
-Me ([Fe, Em]-wire (Fe', in's

-Mate [Pi, qm) + mirez (Be, Fri))
-we)-Sem)
=Sem

or

[Ir,is] =1

with Er:in (Number Operator (

Furthermore, we find that
r'2

qr =enwe(ir +it)(3r +a)

-enter (in +++i)

-anie (r+at+ 1+zir)

= - me (Er-i) (E-)
-- me(I to-re-)
-- Me (Er+ Yet -1-2ane).

Then, since



it:E+*W;2
-

-? at-I-catal
+y(25 +2 +1 +22j)

= y(2 +4a)
=wj(+2jj).

a

Canonical Quantization (Fields):

(0(x), T(x1)1-> (0x), F(x)

Classically, for equal time fields,

[P(X), #1213 =8"(x -y)

- (8,i] =

i s"(x-z)

As in last lecture, the Hamiltonian for the

Klein-Gordon field is



Hi =I(dx[42x) +184x12 +m2x; (4.11)

which goes over into

Fax =I (dx(,(x) +(08(x)* =m2j(x)}(4.12)
g

similar to discrete 'Q

Furthermore, matrixin discrete QH0!

discrete
S

continuous
x

kebel I -- labd

qj-qx =P(x)

However, Hamiltoniam quantization only gives one subset

of the Poincaregroup, and not all of it.

Diagonalization:
From discrete variables to continuous variables,

Ej - Y(), how does diagonalization change?

Recall equation (4.4),

Ij = ],in Eu

2



&
(x) =(dyk(x2)(z)

(4.13)
for some Kernel function k(x,y).

Recall:Feature of certain symmetric matrices:

If a matrixQ is Circulant,

that is, (abjk: (m]j-1
4 some number me

inE-(s==. (4.14)

then itisdiagonalized by the Discrete

Fourier Transform: Complex entries

z
....

i =i I (4.15)
jk

↑

where M:ettt. M**(jk)
(4.16)



Thus, for continuous circulent matrices, we impose the

(continuous) Fourier transform to diagonalize the matrix.

EretzFT: Lbjin =in en
s

(4.17)

minousIT: 12(x,y) =2i 2* (4.15)

Hamiltonian Diagonalization:Guss THESE ARE NO HERMITAN.

↓
-

o(x) =( ae".* y() (4.19)

The argumentof

thefield revealite
position

or

momentum
Spo

Note that &pp) =p(-P) (4.20).
↑

excercise (i)

Thus, eg 14.19) should diagonalize Fig.

*
Construct Ladder Operators:

·(x) =St laei ten, se



F(x) =((-i)(dpe_e-i*),4.22)
↑

excercise (s)
and 8p =2m2' (ii)

Check Commutation Relations:
drifes from

change of"variables.

(ocx, F(2) -Salt (so,eat-
excercise..."

[p,:)) e:x+
p.)

(iii)
14.23)

=if()(x-y)- #(ninetablethere, "not",
butthe initial given answer is

inconsistentwith the excercise, so

I assumed there was a mistakeThis is solved by and changed itto p." See ex.(iiil]

[Ep,p") =(2i)" 8"(p-p') I (4.24)

With this, the Klein-Gordon Hamiltonian (diagonalized) is

FineJax(ded' eil+p's.[-(ap-d)(Ep-p
I

execim.....
-+m? (2p +p)/-2

(4.25)



!=(w(p +1(35,2)) (4.26)
↓g)(.--)

phacr cp (+x.I) (4.27)
but this never

appears in any
kind of real

calculation/observation.

Excercises:

(i) p(P) =Ppl-P). Proof:First note that

D(x) =( ein* p().
The corresponding invert Fourier Transform isthen

Pp(P) =(eeix I(X).
But ptr)=(Ye"* (x).
and *p(P)=/d e"****)

But the (K) operators are Hermitian (8(x) =g (x))
hence (P):Pp(-p) as required.

E



(ii) Ladder operator field construction:

P(x) =((pep*ex)
FIx) =( s-il(pep*_3*).

"Proof:We desire todetermine continue field operators from

discrete analogus. First, note that

T. =Emie (Er+de") ((
= I we (ae-

in the discrete regime. In the continuous regime,

1 -p, and by the diagonalization principle (4.19),

the raising/lowering operators must be diagonalized

individually, here

Ex =(aeP* p auch

= (aeip.* It.
Thus

- (x) =(8 + 2)

pi -i(x) =(- i) (ax-dit).



By diagonalizing intothe momentum regime

(Fourier Transforming each operator individually,

=( ler*, =e*i)
*=((-i)(e**p-enafl,&
as desired.

a



(iii)Commutation Relations

(YI, F(21):(RP(-E)E(,r)-
(an,2]) eil.**E)

Proof: The field diagonalizations are previously given from (ii)

P(x) =((pepixe)
#15) =(sile(apiepi-32).

Then

[P(x), 4(2)) =P(),(I) - F(y)()

-(ad' silk(apeo,itex

· (p. epE-e")
- ado' cis (*peo_I

· (enterior)
-Sp() (Ipe"**pe"*t



- Is ein*It eripz zip.* Ipiep

- Ite-ip. i eipI - p, e
n Ipep.*

- dpieip';ex,piep5Ipe"p.x
-?e

- ip: !e)

-jad() (lEr,peel pil
i)- p.x+p2)

- (I, 3p) e"ps-l+ (I, pe
-(,]e- (p.x

+

.z))

But since (55,35]:(25,Ij] =0, we have
=(p.X-p!2)

- () (I, Ip]e

-(I,p] eil-p-
+ pi2)).

Since the first term goes into

[38,5p] =-[25, I'],
and by invoking a variable change

j -1 - p

in the latter term and



p'-s - p

in the first term, we have that

-(ap'(( (p,pi)e"(*
+p.z)

- (I,) eilo.x+pEl).
-(E)v. ((2", Ip)-(Ip, Ipl)

.
ei(p.x +p.z)

Is desired. T



(iv) Klein-Gordon Diagonalization

Flix =Jdx/dd'e"l+p's.[-(ap-d)(Ep-p
-+m! (p+)(*-27).

Proof:The Klein-Gordon Hamiltonian, for fields, is given

by

Fax =I (dx(,(x) +(08(x)=m28(x)}
with the field operators, previously given

as

P(x) =((pep*ex)
#15) =(sile(apiepi-32).

(I+X)

First, note that due to the Hamiltonian

density, we must integrate over all space

Sax (that is why that is there).



Secondly, we mustunderstand that

82(x) =0,(x).pX)
=)) (p einer

·(f,p, einpers
Leach field observable corresponds to its own

momentin space, since this is just the square

magnitude of the field operator)

And this is equivalentto i(*).

The gradient to only acts on the epox

terms, thus

↳i =(p)Ep ein_eriri

Therefore, we have in culmination that

Fine = =(x) [-*(pep*-ey)



· (pieipi*-3?:)

-Erpp,(Ep ein*_perip
i.*

· (p'Epe -, eripe)

-a. Er eineenerg
And by invoking a variable change on the

Hermitian conjugate terms

HiG=/dx [-ww/pep
-epi. (pie"P__pe")

-cp,)pape", ppe")
· Ip'Epi eity+pa ein

-up(Ep ein*_ a ein
· p,eine



and by factoring out a e"1p+r').X and

collecting like terms, we find that

#RG =(dxp'eioto's.

- (p-I) (p-_)

-ah (+) (atl
Is desired. n




